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Quantum states are the key mathematical objects in quantum theory. It is therefore surprising
that physicists have been unable to agree on what a quantum state represents. There are at least
two opposing schools of thought, each almost as old as quantum theory itself. One is that a pure
state is a physical property of system, much like position and momentum in classical mechanics.
Another is that even a pure state has only a statistical significance, akin to a probability distribution
in statistical mechanics. Here we show that, given only very mild assumptions, the statistical
interpretation of the quantum state is inconsistent with the predictions of quantum theory. This
result holds even in the presence of small amounts of experimental noise, and is therefore amenable
to experimental test using present or near-future technology. If the predictions of quantum theory
are confirmed, such a test would show that distinct quantum states must correspond to physically
distinct states of reality.

A quantum wave function was originally conceived by
Schröedinger as a tangible, physical wave. This view-
point was quickly threatened both by Born relating the
wave function to probabilities, and by the realisation that
quantum states could not always be assigned separately
to individual systems. Nevertheless most physicists and
chemists concerned with pragmatic applications success-
fully treat the quantum state as a real object encoding
all properties of microscopic systems.

However, many [1–8] have suggested that the quantum
state should properly be viewed as something less than
real. For example:

... I incline to the opinion that the wave
function does not (completely) describe what
is real, but only a (to us) empirically acces-
sible maximal knowledge regarding that which
really exists [...] This is what I mean when
I advance the view that quantum mechanics
gives an incomplete description of the real
state of affairs. –A. Einstein [9]

The motivation for physicists to take an interest in this
question was eloquently stated by Jaynes:

But our present QM formalism is not
purely epistemological; it is a peculiar mixture
describing in part realities of Nature, in part
incomplete human information about Nature
— all scrambled up by Heisenberg and Bohr
into an omelette that nobody has seen how to
unscramble. Yet we think that the unscram-
bling is a prerequisite for any further advance
in basic physical theory. For, if we cannot
separate the subjective and objective aspects
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of the formalism, we cannot know what we
are talking about; it is just that simple.

–E. T. Jaynes [10]

Some physicists hold that quantum systems do not
have physical properties, or that the existence of quan-
tum systems at all is a convenient fiction. In this case, the
state vector is a mere calculational device, used to make
predictions of the probabilities for macroscopic events.
This work, however, proceeds on the assumption that
quantum systems – like atoms and photons – exist, and
have at least some physical properties. We assume very
little about these properties, for example we do not as-
sume that systems have a definite position or momen-
tum. The statistical view of the quantum state is that
it merely encodes an experimenter’s information about
the properties of a system. We will describe a particular
measurement and show that the quantum predictions for
this measurement are incompatible with this view.

We begin by describing more fully the difference be-
tween the two different views of the quantum state [11].
Consider two different methods of preparing a quantum
system. If method 1 is used, quantum theory assigns a
pure state |φ0〉. If method 2 is used, quantum theory
assigns a pure state |φ1〉 6= |φ0〉, where |φ0〉 and |φ1〉
are non-orthogonal. Our main assumption is that after
preparation, the quantum system has some set of phys-
ical properties. These may be completely described by
quantum theory, but in order to be as general as possi-
ble, we allow that they are described by some other, per-
haps undiscovered theory. Assume that a complete list
of these physical properties corresponds to some mathe-
matical object, λ.

If the quantum state is a physical property of the sys-
tem (the first view), then either λ is identical with |φ0〉
or |φ1〉, or λ consists of |φ0〉 or |φ1〉, supplemented with
values for additional variables not described by quantum
theory. Either way, the quantum state is uniquely deter-
mined by λ.
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If the quantum state is statistical in nature (the sec-
ond view), then a full specification of λ need not deter-
mine the quantum state uniquely. Some values of λ may
be compatible with the quantum state being either |φ0〉
or |φ1〉. This can be understood via a classical anal-
ogy. Suppose there are two different methods of flipping
a coin, each of which is biased. Method 1 gives heads
with probability p0 > 0 and method 2 with probabil-
ity 0 < p1 6= p0. If the coin is flipped only once, there
is no way to determine by observing only the coin which
method was used. The outcome heads is compatible with
both. The statistical view says something similar about
the quantum system after preparation. The preparation
method determines either |φ0〉 or |φ1〉 just as the flipping
method determines probabilities for the coin. But a com-
plete list of physical properties λ is analogous to a list of
coin properties, such as position, momentum, etc. Just
as “heads up” is compatible with either flipping method,
a particular value of λ might be compatible with either
preparation method.

We will show that the statistical view is not compatible
with the predictions of quantum theory. We will begin
with a simple version of the argument, which works when
| 〈φ0|φ1〉 | = 1/

√
2. Then the argument is extended to ar-

bitrary |φ0〉 and |φ1〉. Finally, we present a version of
the argument which works even in the presence of exper-
imental error and noise.

The simple argument is as follows. Choose a basis of
the Hilbert space so that |φ0〉 = |0〉 and |φ1〉 = |+〉 =

(|0〉 + |1〉)/
√

2. In order to derive a contradiction, as-
sume that there is some chance that the complete phys-
ical state, λ, of the system is compatible with either
preparation method. Suppose that for either method,
the probability of this happening is at least q > 0. (Of
course it may be the case that, given λ, one method is
more likely than the other – the only assumption here is
that some fraction q of the time, λ does not determine
with certainty which method was used.)

Now consider two systems whose physical states are
uncorrelated. This can be achieved, for example, by
constructing and operating two copies of a preparation
device independently. The experiment is illustrated in
Figure 1. With probability q2 > 0 it happens that the
physical states λ1 and λ2 are compatible with any of the
four possible preparations. This means that the physical
state of the two systems is compatible with any of the
four possible quantum states |0〉⊗ |0〉, |0〉⊗ |+〉, |+〉⊗ |0〉
and |+〉 ⊗ |+〉.

The two systems are brought together and measured.
An important assumption for the argument now is that
the behaviour of the measuring device – in particular the
probabilities for different outcomes – is only determined
by the complete physical state of the two systems at the
time of measurement, along with the physical properties
of the measuring device. Once these things are specified,
there can be no remaining dependence on the quantum
state of the two systems.

The measurement is a joint measurement of the two

l1 l2 

measure 

FIG. 1. Two systems are prepared independently. The quan-
tum state of each, determined by the preparation method, is
either |0〉 or |+〉. The two systems are brought together and
measured. The outcome of the measurement can only depend
on the physical properties of the two systems at the time of
measurement.

systems, which projects onto the four orthogonal states:

|ξ1〉 = 1√
2
(|0〉 ⊗ |1〉+ |1〉 ⊗ |0〉),

|ξ2〉 = 1√
2
(|0〉 ⊗ |−〉+ |1〉 ⊗ |+〉),

|ξ3〉 = 1√
2
(|+〉 ⊗ |1〉+ |−〉 ⊗ |0〉),

|ξ4〉 = 1√
2
(|+〉 ⊗ |−〉+ |−〉 ⊗ |+〉), (1)

where |−〉 = (|0〉−|1〉)/
√

2. The first outcome is orthogo-
nal to |0〉 ⊗ |0〉, hence quantum theory predicts that this
outcome has probability zero when the quantum state
is |0〉 ⊗ |0〉. Similarly the second outcome has probabil-
ity zero if the state is |0〉 ⊗ |+〉, the third if |+〉 ⊗ |0〉,
and the fourth if |+〉 ⊗ |+〉. This leads immediately to
the desired contradiction. At least q2 of the time, the
measuring device is uncertain which of the four possible
preparation methods was used, and on these occasions it
runs the risk of giving an outcome that quantum theory
predicts should occur with probability 0. Importantly,
we have needed to say nothing about the value of q per
se to arrive at this contradiction.

This argument shows that no physical state λ of the
system can be compatible with both of the quantum
states |0〉 and |+〉. If the same can be shown for any
pair of quantum states |φ0〉 and |φ1〉, then the quantum
state can be inferred uniquely from λ. In this case, the
quantum state is a physical property of the system, and
the statistical view is false.

For any pair of distinct non-orthogonal states |φ0〉 and
|φ1〉, a basis of the Hilbert space can be chosen such that

|φ0〉 = cos(θ/2) |0〉 − sin(θ/2) |1〉
|φ1〉 = cos(θ/2) |0〉+ sin(θ/2) |1〉 , (2)
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with 0 < θ < π/2. These two states span a two-
dimensional subspace of the Hilbert space. We can re-
strict attention to this subspace and from hereon, with-
out loss of generality, treat the systems as qubits. As-
sume, as above, that there is a probability at least
q > 0 that the complete physical state of the system
after preparation is compatible with either preparation
method having been used.

A contradiction is obtained when n uncorrelated sys-
tems are prepared, where n will be fixed shortly. Depend-
ing on which of the two preparation methods is used each
time, the n systems are prepared in one of the quantum
states:

|Ψ(0 . . . 00)〉 = |φ0〉 ⊗ · · · ⊗ |φ0〉 ⊗ |φ0〉
|Ψ(0 . . . 01)〉 = |φ0〉 ⊗ · · · ⊗ |φ0〉 ⊗ |φ1〉

...

|Ψ(x1 . . . xn)〉 = |φx1
〉 ⊗ · · · ⊗ |φxn−1

〉 ⊗ |φxn
〉

...

|Ψ(1 . . . 1)〉 = |φ1〉 ⊗ · · · ⊗ |φ1〉 ⊗ |φ1〉 . (3)

Since these preparations are independent, there is a prob-
ability at least qn that the complete physical state of the
systems emerging from the devices is compatible with
any one of these 2n quantum states. The desired contra-
diction is obtained if there is a joint measurement on the
n systems with 2n outcomes such that each outcome has
probability zero on at least one of the |Ψ(x1 . . . xn)〉 [12].

A suitable measurement is most easily described as a
quantum circuit, followed by a measurement onto the
{|0〉 , |1〉} basis for each qubit. It is illustrated in Figure 2.

The circuit is parameterized by two real numbers,
α and β. In Appendix A it is shown that for any
0 < θ < π/2, and for any n chosen large enough that
2 arctan

(
21/n − 1

)
≤ θ, it is possible to choose α and β

such that the measurement has the desired feature: each
outcome has, according to quantum theory, probability
zero on one of the states |Ψ(x1 . . . xn)〉.

Finally, the argument so far uses the fact that quantum
probabilities are sometimes exactly zero. The argument
has not taken any account of the experimental errors that
will occur in any real laboratory. It is very important to
have a version of the argument which is robust against
small amounts of noise. Otherwise the conclusion – that
the quantum state is a physical property of a quantum
system – would be an artificial feature of the exact theory,
but irrelevant to the real world. Experimental test would
be impossible.

For the noise-tolerant version of the argument, let Λ
be a (measure) space of possible values that λ can take,
for a given type of system. Just as a particular flipping
method defines a probability distribution over the coin
states heads and tails, a particular preparation method
defines a probability distribution on Λ. Let the distribu-
tion be µi(λ) when the quantum state |φi〉 is prepared.

HZβ

HZβ

HZβ

HZβ|φx1〉

|φx2〉

|φxn−1〉

|φxn〉 Rα

FIG. 2. The main argument requires a joint measurement
on n qubits with the property that each outcome has prob-
ability zero on one of the input states. Such a measure-
ment can be performed by implementing the quantum cir-
cuit shown, followed by a measurement of each qubit in
the computational basis. The single qubit gates are given
by Zβ = |0〉 〈0| + eiβ |1〉 〈1| and the Hadamard gate H =
|+〉 〈0| + |−〉 〈1|. The entangling gate in the middle rotates
the phase of only one state: Rα |00 . . . 0〉 = eiα |00 . . . 0〉, leav-
ing all other computational basis states unaffected.

Suppose that the above experiment is performed, with
n systems prepared independently and the measurement
of Figure 2 performed. In a real experiment, it will be
possible to establish with high confidence that the prob-
ability for each measurement outcome is within ε of the
predicted quantum probability for some small ε > 0.

The noise tolerant result relates ε to the total variation
distance [13] between µ0 and µ1, where the total variation
distance is defined by

D(µ0, µ1) =
1

2

∫
Λ

|µ0(λ)− µ1(λ)|dλ. (4)

It is a measure of how easy it is to distinguish two prob-
ability distributions. If D(µ0, µ1) = 1, then µ0 and µ1

are completely disjoint. In this case, the probability of
λ being compatible with both preparations (q above) is
zero. In Appendix B we show that

D(µ0, µ1) ≥ 1− 2 n
√
ε. (5)

For small ε, D(µ0, µ1) is close to 1. Hence a successful
experiment would show that each λ is associated almost
exclusively with only one of the two quantum states.

Performing an experiment to implement the circuit in
Figure 2 for small values of n is challenging but not un-
realistic given current technology. While all the gates
required have already been demonstrated at some point,
our result requires such gates acting with high fidelity
in a non post-selected fashion (this latter because other-
wise the measuring device can use the extra freedom in
the postselection to escape the zero-probability outcomes
those times it is unsure of the preparation procedure).



4

It may be useful to summarize the assumptions that
are necessary for the result. Three can be identified. The
first is that if a quantum system is prepared in isolation
from the rest of the universe, such that quantum the-
ory assigns a pure state, then after preparation the sys-
tem has a well defined set of physical properties. This
assumption is necessary for the question we address to
make sense: if such physical properties don’t exist, it
is meaningless to ask whether or not the quantum state
is among them. Note that while there are well-known
obstacles to identifying physical properties of individual
systems when they are entangled with other systems,
these problems do not arise here, since each system is
in a pure state.

The second assumption is that it is possible to prepare
multiple systems such that their physical properties are
uncorrelated. Experimentalists aim to achieve this either
by building and operating different copies of the same ex-
perimental apparatus, or by reusing the same apparatus
after a sufficient time period has elapsed that they are
confident the later run is independent of the earlier.

The third assumption is that measuring devices re-
spond solely to the physical properties of the systems
they measure. We do not assume underlying determin-
ism. Even given a full specification of λ, it may only
be possible to make probabilistic predictions about the
outcome of a measurement.

We conclude by outlining some consequences of the re-
sult. First, one motivation for the statistical view is the
obvious parallel between the quantum process of instan-
taneous wave function collapse, and the (entirely non-
mysterious) classical procedure of updating a probability
distribution when new information is acquired. If the
quantum state is a physical property of a system – as
it must be if one accepts the assumptions above – then
the quantum collapse must correspond to a real physical
process. This is especially mysterious when two entan-
gled systems are at separate locations, and measurement
of one leads to an instantaneous collapse of the quantum
state of the other.

In some versions of quantum theory, on the other hand,
there is no collapse of the quantum state. In this case, af-
ter a measurement takes place, the joint quantum state of
the system and measuring apparatus will contain a com-
ponent corresponding to each possible macroscopic mea-
surement outcome. This is unproblematic if the quantum
state merely reflects a lack of information about which
outcome occurred. But if the quantum state is a phys-
ical property of the system and apparatus, it is hard to
avoid the conclusion that each marcoscopically different
component has a direct counterpart in reality.

On a related, but more abstract note, the quantum
state has the striking property of being an exponentially
complicated object. Specifically, the number of real pa-
rameters needed to specify a quantum state is exponen-
tial in the number of systems n. This has a consequence
for classical simulation of quantum systems. If a simula-
tion is constrained by our assumptions – that is, if it must

store in memory a state for a quantum system, with inde-
pendent preparations assigned uncorrelated states – then
it will need an amount of memory which is exponential
in the number of quantum systems.

For these reasons and others, many will continue to
hold that the quantum state is not a real object. We have
shown that this is only possible if one or more of the as-
sumptions above is dropped. More radical approaches
[14] are careful to avoid associating quantum systems
with any physical properties at all. The alternative is
to seek physically well motivated reasons why the other
two assumptions might fail.
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Appendix A: The measurement circuit

Consider a preparation device which can produce a
quantum system in either the state |φ0〉, or the state
|φ1〉. Suppose that n copies of this device are used in-
dependently. Then there are 2n possible joint states of
the n systems, depending on whether |φ0〉 or |φ1〉 was
prepared each time. This section shows that for any dis-
tinct |φ0〉 and |φ1〉, if the number of systems n is large
enough, then there is a joint measurement with the fol-
lowing property: each outcome has zero probability given
one of the preparations. As illustrated in Figure 2, the
measurement can be implemented by a quantum circuit
followed by a computational basis measurement.

Choose a basis {|0〉 , |1〉} such that

|φ0〉 = cos
θ

2
|0〉+ sin

θ

2
|1〉 , (A1)

|φ1〉 = cos
θ

2
|0〉 − sin

θ

2
|1〉 , (A2)

where |〈φ0 |φ1〉|2 = cos2(θ). By restricting attention to
the subspace spanned by |φ0〉 and |φ1〉, we can without
loss of generality take the quantum systems to be qubits.
For reasons seen below, choose n large enough that

2 arctan
(

21/n − 1
)
≤ θ. (A3)

The circuit consists of a unitary rotation Zβ applied to
each qubit, followed by an entangling gate Rα, followed
by a Hadamard gate applied to each qubit. The initial
rotation is given by

Zβ =

(
1 0
0 eiβ

)
. (A4)

The n-qubit gate Rα is defined via its action on the com-
putational basis states. Let Rα |0 · · · 0〉 = eiα |0 · · · 0〉,
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and let Rα act as the identity on all other computational
basis states. Finally, the Hadamard gate corresponds to
the unitary operation

H =
1√
2

(
1 1
1 −1

)
. (A5)

The action of the circuit is given by Uα,β = H⊗nRαZβ
⊗n.

The measurement procedure consists of the unitary
evolution Uα,β (for a particular choice of α and β dis-

cussed below), followed by a measurement of each qubit
in the {|0〉 , |1〉} basis .

Let xi be 0 (1) if the ith system is prepared in the
state |φ0〉 (|φ1〉), and write ~x = (x1, . . . , xn). Before the
circuit is applied, the joint state of the n systems is

|Ψ(~x)〉 = |φx1
〉 ⊗ · · · ⊗ |φxn

〉 . (A6)

Hence the probability of the measurement outcome cor-
responding to the basis state |x1 . . . xn〉 is the squared
absolute value of

〈x1 . . . xn|H⊗nRαZ⊗nβ |φx1
〉 ⊗ · · · ⊗ |φxn

〉

=

(∑
~z

(−1)~x.~z 〈~z|
)
RαZ

⊗n
β |φx1

〉 ⊗ · · · ⊗ |φxn
〉

=

eiα 〈0 · · · 0|+ ∑
~z 6=00···0

(−1)~x.~z 〈~z|

Z⊗nβ |φx1〉 ⊗ · · · ⊗ |φxn〉

=

eiα 〈0 · · · 0|+ ∑
~z 6=00···0

(−1)~x.~z 〈~z|

 n⊗
i=1

(
cos

θ

2
|0〉+ (−1)xieiβ sin

θ

2
|1〉
)

= cosn
θ

2
eiα +

∑
~z 6=00···0

(−1)~x.~z
(

cos
θ

2

)n−|~z|(
sin

θ

2

)|~z|
ei|~z|β(−1)~x.~z

= cosn
θ

2
eiα +

n∑
k=1

(
n
k

)(
cos

θ

2

)n−k (
sin

θ

2

)k
eikβ

= cosn
θ

2

(
eiα +

(
1 + eiβ tan

θ

2

)n
− 1

)
. (A7)

In the fifth line, |~z| = ∑i zi.
Finally, we show that for any θ with

2 arctan
(

2
1
n − 1

)
≤ θ ≤ π

2 , the angles α and β

can be chosen so that

eiα +

(
1 + eiβ tan

θ

2

)n
− 1 = 0, (A8)

and hence the probability is zero as required. Rearrang-
ing, the required α will always exist (and be easy to find)
provided there exists a β with∣∣∣∣1− (1 + eiβ tan

θ

2

)n∣∣∣∣ = 1. (A9)

Such a β exists if the curve of f(β) = 1 −(
1 + eiβ tan θ

2

)n
in the complex plane intersects the unit

circle, as in Figure 3. Since f is continuous, it suffices
to exhibit one point outside the unit circle and one point
within it. Consider

f(0) = 1−
(

1 + tan
θ

2

)n
. (A10)

Since tan θ
2 ≥ 2

1
n − 1, f(0) ≤ −1, hence it is outside (or

on) the unit circle. On the other hand,

f(π) = 1−
(

1− tan
θ

2

)n
. (A11)

Since 0 ≤ tan θ
2 ≤ 1, 0 ≤ f(π) ≤ 1, hence it is inside (or

on) the unit circle. This concludes the proof.
If the actual value of β for a particular θ and n is

required, it is not difficult to find it numerically. For
n = 2, (A9) can even be solved analytically to find β =
arccos

(
(1− 4t2 − t4)/4t3

)
where t = tan θ

2 .

Appendix B: Noise-tolerant version of the argument

This section proves Eq. (5). This is a lower bound on
the total variation distance between probability distri-
butions corresponding to distinct quantum states, which
holds even in the presence of noise.

Consider two methods of preparing a quantum system,
such that quantum theory assigns the pure state |φ0〉 or
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ℑ

ℜ
f(0) f(π)

FIG. 3. Graph of f(β) (blue), with n = 2 and θ = π
3

, and the
unit circle (red). Suitable values for the parameters α and β
exist if the curves intersect.

|φ1〉. An assumption is that the quantum system after
preparation has physical properties, and that a complete
list of these properties corresponds to some mathemati-
cal object λ. Each preparation method is associated with
a probability distribution µi(λ) (i = 0, 1). This is to be
thought of as the probability density for the system to
have properties λ after preparation. Another assump-
tion is that when a measurement is performed, the be-
haviour of the measurement device depends only on the
physical properties of the system and measuring device
at the time of measurement. Formally, for a given mea-
surement procedure M , the probability of outcome k is
given by P (k|M,λ) = ξM,k(λ), where ξM,k is a function
ξM,k : Λ → [0, 1]. A model of this form reproduces the
predictions of quantum theory exactly if∫

Λ

ξM,k(λ)µi(λ)dλ = 〈φi|EM,k |φi〉 , (B1)

where EM,k is the positive operator which quantum the-
ory assigns to outcome k.

The total variation distance between the distributions
µ0(λ) and µ1(λ) is

D(µ0, µ1) =
1

2

∫
Λ

|µ0(λ)− µ1(λ)| dλ.

The aim is to show that if a model of the above form
reproduces the predictions of quantum theory approxi-
mately, so that for any measurement outcome, Eq. (B1)
holds to within ε, then

D(µ0, µ1) ≥ 1− 2 n
√
ε. (B2)

Eq. (B2) holds for preparations of any pair of pure states
|φ0〉 and |φ1〉, as long as n is chosen to satisfy Eq. (A3).

To this end, consider n independent preparations of
quantum systems, where each can be chosen such that

the quantum state is either |φ0〉 or |φ1〉. The joint quan-
tum state is a direct product given by Eq. (A6). These
systems will be brought together so that the joint mea-
surement illustrated in Figure 2 and described in Ap-
pendix A can be performed.

We assume that the behaviour of the measurement de-
vice is determined by its own properties, and by a com-

plete list ~λ = (λ1, . . . , λn) of the physical properties for
each one of the n systems. Seeing as the systems are
prepared independently, the probability distribution for
~λ is given by

µ~x(~λ) = µx1(λ1)× · · · × µxn(λn). (B3)

In order to prove Eq. (B2), it is useful to define a quan-
tity which we call the overlap between µ0(λ) and µ1(λ):

ω(µ0, µ1) =

∫
Λ

min{µ0(λ), µ1(λ)}dλ. (B4)

Note that ω(µ0, µ1) = 1−D(µ0, µ1).
For probability distributions µ1, . . . , µk, the overlap

can be generalised:

ω(µ1, . . . , µk) =

∫
Λ

min
i
µi(λ)dλ. (B5)

Let Λn denote the n-fold Cartesian product of Λ, i.e. Λn

is the space of possible values for ~λ. From Eq. (B3),

min
~x
µ~x(λ1, . . . , λn) =

min{µ0(λ1), µ1(λ1)} × · · · ×min{µ0(λn), µ1(λn)}.
(B6)

Integrating both sides gives

ω ({µ~x}) =

∫
Λn

min
~x

µ~x(~λ) d~λ = (ω(µ0, µ1))
n
. (B7)

Now if the initial state is |Ψ(~x)〉, and the measurement
of Figure 2 is performed, Appendix A shows that the out-
come corresponding to the basis state |~x〉 has probability
zero according to quantum theory. If a model of the
above form assigns probability ≤ ε to this outcome, for
any ~x, then ∫

Λn

ξM,~x(~λ)µ~x(~λ)d~λ ≤ ε. (B8)

Since min~x µ~x(~λ) ≤ µ~x(~λ), and both ξM,~x(~λ) and µ~x(~λ)
are non-negative,∫

Λn

ξM,~x(~λ) min
~x
µ~x(~λ)d~λ ≤ ε. (B9)

Finally, sum over ~x and use the normalization∑
~x ξM,~x(~λ) = 1 to obtain

ω ({µ~x}) ≤ 2nε. (B10)

Combining Eqs. (B7) and (B10) gives

(ω(µ0, µ1))n ≤ 2nε, (B11)

which gives Eq. (B2).
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FIG. 4. The overlap ω(µ0, µ1) (Equation (B4)), versus the

quantum trace distance δ(|φ0〉 , |φ1〉) =
√

1− |〈φ1 |φ0〉|2. The

red region is ruled out by measurements on a single system.
The other regions can be ruled out by measurements on 2, 3
and 4 systems. The content of the no-go theorem is that larger
and larger n eventually fill the square, forcing ω(µ0, µ1) = 0
for any pair of states. The boundaries of the regions are
not ruled out (except that ω(µ0, µ1) > 0 is ruled out for
δ(|φ0〉 , |φ1〉) = 1).

Appendix C: Numerical results

For a given |φ0〉 and |φ1〉, the measurement described
in Appendix A requires n systems, with n such that

2 arctan
(

21/n − 1
)
≤ arccos |〈φ0 |φ1〉| . (C1)

It is natural to ask if there exists a measurement that
can make do with smaller values of n. We have checked
by numerically solving [15, 16] the semi-definite program

minimize
Ei

σ :=
∑
~x

Tr(E~x |Ψ(~x)〉 〈Ψ(~x)|)

subject to E~x � 0,∑
~x

E~x = I.

(C2)

Since all the terms in the definition of σ are non-negative,
a measurement described by the POVM operators {E~x}
can be used to prove the no-go theorem if and only if
σ = 0. A variety of values of θ and n were tested, and
the minimum value of σ was found to be 0 exactly when
(C1) is satisfied. Hence it appears that our measurement
uses the smallest possible number of systems.

Furthermore, when Eq. (C1) is not satisfied the opti-
mal measurement is of same form, but with α = π and
β = 0. (For n = 1 this measurement is simply the stan-
dard minimum error discrimination measurement for |φ0〉
and |φ1〉.) By a similar argument to the previous sec-
tion, if the quantum theory predictions for this measure-
ment hold, then (ω(µ0, µ1))n ≤ σ. Hence, in addition to
our main result that there exists a measurement showing
ω(µ0, µ1) = 0 when (C1) is satisfied, this measurement
can be used to place bounds on ω(µ0, µ1) when it is not.
The situation is depicted in Figure 4.

Finally, we note that the problem (C2) has an unusual
operational interpretation. By considering each outcome
E~x as the identification of |Ψ(~x)〉, we have an error prob-
ability of 1 − σ/2n, and so this is the “maximum error”
discrimination problem for the quantum states {|Ψ(~x)〉}
(with equal priors). For the special cases of two states
this becomes the minimum error problem under swapping
of the outcome labels.
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